In this article we introduce some I-convergent sequence spaces of fuzzy real numbers defined by Orlicz function and study their different properties such as solidity and symmetricity. The notion of I-convergence generalizes the notion of some particular type of convergence of sequences.
Introduction
The notion of I-convergence of real-valued sequence was studied at the initial stage by Kostyrko et al. [1] which generalizes and unifies different notions of convergence of sequences. The notion was further studied by Šalát et al. [2] .
The notion of fuzzy sets was introduced by Zadeh [3] . After that, many authors have studied and generalized this notion in many ways due to the potential of the introduced notion. Also, it has a wide range of applications in almost all of the branches studied, particularly in the field of science where mathematics is used. It attracted many workers to introduce different types of fuzzy sequence spaces.
Bounded and convergent sequences of fuzzy numbers were studied by Matloka [4] . Later on, sequences of fuzzy numbers have been studied by Kaleva and Seikkala [5] , Tripathy and Sarma [6, 7] , and many others.
An Orlicz function is a function M: [0, ∞) → [0, ∞), which is continuous, non-decreasing, and convex with M(0) = 0, M(x) > 0 for x > 0 and M(x) → ∞ as x → ∞. If the convexity of M is replaced by the following:
then this function is called the modulus function. Remark 1. It is well known that if M is an Orlicz function, then M(λx) ≤ λM(x) for all λ with 0< λ <1.
Lindenstrauss and Tzafriri [8] used the idea of Orlicz function to construct the following sequence space:
The space ' M becomes a Banach space, with the following norm:
Definitions and background
Let X be a nonempty set, then a non-void class I 2 X (power set of X) which is called an ideal if I is an hereditary (i.e., A ∈ I and B A ⇒ B ∈ I) and additive (i.e. A, B ∈ I ⇒ A [ B ∈ I). An ideal I 2 X is said to be nontrivial if I ≠ 2 X . A nontrivial ideal I is said to be admissible if I contains every finite subset of N. A nontrivial ideal I is said to be maximal if there does not exist any nontrivial ideal J ≠ I containing I as a subset.
Let X be a nonempty set, then a non-void class F 2 X is said to be a filter in X if φ ∉ F; A, B ∈ F ⇒ A \ B ∈ F and A ∈ F, A B ⇒ B ∈ F. For any ideal I, there is a filter Ψ(I) corresponding to I, given by the following:
Example.
(a) Let I = I f , which is the class of all finite subsets of N, then I f is a nontrivial admissible ideal. 
It is known that (D, d) is a complete metric space. A fuzzy real number X is a fuzzy set on R, i.e., a mapping X:R → L(= [0, 1]) associating each real number t with its grade of membership X(t).
The α-level set [X] α set of a fuzzy real number X for 0 < α ≤ 1, and is defined as follows:
If there exists t 0 ∈ R such that X(t 0 ) = 1, then the fuzzy real number X is called normal.
A fuzzy real number X is said to be upper semi-continuous if for each ε > 0,
The set of all upper semi-continuous, normal, convex fuzzy number is denoted by L (R).
The absolute value |X| of X ∈ L(R) is defined as follows (see for instance Kaleva and Seikkala [5] ):
A sequence (X k ) of fuzzy real numbers is said to be convergent to the fuzzy real number X 0 if for every ε > 0, there exists n 0 ∈ N such that d (X k , X 0 )< ε for all k ≥ k 0 .
A fuzzy real-valued sequence space E F is said to be
F which is defined as follows:
F is said to be monotone if E F contains the canonical pre-images of all its step spaces.
A sequence space E F is said to be symmetric if (
, π is a permutation on N. A sequence X = (X k ) of fuzzy numbers is said to be Iconvergent if there exists a fuzzy number X 0 such that for all ε > 0, the set {n ∈ N: d (X k , X 0 ) ≥ ε} ∈ I. We write I-lim X k = X 0 .
A sequence (X k ) of fuzzy numbers is said to be I
A sequence (X k ) of fuzzy numbers is said to be I- is complete with respect to the metric ρ defined by
F is solid, implying that E F is monotone.
For the crisp set case, one may refer to Kamthan and Gupta [9] . Lemma 2. If I 2 N is a maximal ideal, then for each A ⊂ N, we have either A ∈ I or N \ A ∈ I. (see for instance lemma 5.1 of the work of Kostyrko et al. [1] )
The existing sequence space '
Þ is defined as follows:
which is a complete metric space. We define the following sequence spaces:
For L ¼ 0, the above space is denoted by (c 0
Results and discussion
, and (m 0 I ) F (M) are complete metric spaces with respect to the metric given by the following:
Let ε > 0 be given. For a fixed x 0 > 0, choose r > 0 such that M By definition of f, we have the following:
Since X m , X n ∈ (m I ) F (M), so there exist fuzzy numbers Y m and Y n such that
Now, A \ B ∈ ψ(I), and let k ∈ A \ B, and then
< e for all n; m≥m 0 :
Thus, (Y n ) is a Cauchy sequence of fuzzy real numbers. Thus, there exists a fuzzy real number Y such that lim
The number s can be chosen in such a way that
Since I − lim X k (s) = Y t , thus we have the following:
Hence, for each k ∈ C,
are not symmetric. For this result consider the following example. Example 1. Let I = I δ . Let the sequence (X k ) be defined as follows:
0; otherwise:
and for k ≠ i 2 , i ∈ N, X k ¼ 1. Let (Y k ) be a rearrangement of (X k ) defined by the following:
Y k ð Þ ¼ X 1 ; X 2 ; X 4 ; X 3 ; X 9 ; X 5 ; X 16 ; X 6 ; :::::::
ð Þ
The sequence (X k ) is statistically convergent, but (Y k ) is not statistically convergent.
Theorem 2. The sequence spaces (c 0
, and (m 0 I ) F (M) are solid. Proof. We prove the result for (c 0 I ) F (M). For the other spaces, the result can be proven similarly. Let (X k ) ∈ (c 0 I ) F (M) and (Y k ) be such that |Y k | ≤ |X k |, for all k ∈ N, and for the given ε > 0,
Since M is increasing; B ¼
Thus, B ∈ I and so <Y k > ∈ (c 0 I )
Property 2. The sequence space (c I )
For this result, consider the following example. Example 2. Let I = I u . Let the sequence (X k ) be defined as follows:
For all k∈N; X k t ð Þ ¼ 1; for 0 ≤ t ≤ 1; Àt þ 2; for 1 ≤ t ≤ 2; 0; otherwise:
. Let J = {k ∈ N and k even}. Let the sequence (Y k ) be defined by the following:
Also, (Y k ) belongs to the canonical pre-image of the Jstep space of (c I )
is not monotone and hence not solid.
Property 3. The sequence spaces (c I )
, and (m 0 I ) F (M) are not convergence free.
For this result, consider the following example. Example 3. Consider the sequence space (c I ) F (M), and let I = I δ .
Let the sequence (X k ) be defined as follows:
and for other values; X k t ð Þ ¼ t þ 1; for 0 ≤ t ≤ 1; Àt þ 1; for 1 ≤ t ≤ 2; 0; otherwise:
Let the sequence (Y k ) be defined by the following:
and for other values; Y k t ð Þ ¼ 1; for 0≤t≤1;
; for 1≤t≤k; 0; otherwise:
is not convergence free. Similarly, the other spaces are also not convergence free.
Proof. (i) Let Z = (c I ) F and (X k ) ∈ (c I ) F (M); then,
Since M 2 is continuous, so for ε > 0, there exists η > 0 such that M 2 (ε) = η. The result follows from
(ii) The proof is easy, so it is omitted. The inclusion is proper.
Proof. The first part of the result is obvious. For the inclusion to be proper, consider the following example.
Example 4. Let the sequence (X k ) be defined by the following:
For k odd; X k t ð Þ ¼ t; for 0≤t≤1; Àt þ 2; for 1≤t≤2; 0; otherwise:
and for k even; X k t ð Þ ¼ t; for 0≤t≤1; Àt þ 3 ð Þ2 À1 ; for 1≤t≤3; 0; otherwise:
The sequence (X k ) is bounded on a set of logarithmic density 1, but it is not logarithmically convergent.
Conclusions
Generalizing the notion of convergence of sequences, we have studied the notion of I-convergence of sequences through this paper. A few works have been done in the
